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An upproximcrtion is developed for time-dependent diffusion from a disc source into an infinite or 
semi-injinite space. A previous solution for heut conduction into half space is matched to that for the 
response due to u jlux distribution from the steady-state solution. For large times a jlux density of 
27~ ‘-‘(Dtir;) OF added to the steady-.stute solution gives the correct asymptotic behavior (D is the 
difJir.sion coefficient, t time, and r. the disc radius). The solution is applicable jbr several analogous 
systems including in,filtration and heat conduction. 
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Introduction 
Diffusion from a disc source is of interest for several 
analogous systems. One classical solution is for the 
“electrified disc” problem,’ which is also presented in 
the context of heat conduction by Carslaw and Jaeger.2 
The present motivation is to describe and quantify the 
performance of tension disc permeameters. These are 
devices placed at the soil surface for controlling the 
water pressure within a circular area at a constant ten- 
sion or slightly positive pressure.’ The infiltration rate 
into the soil is carefully measured as a function of time 
in order to assess the hydraulic properties of the soil. 
Although infiltration for the nonlinear system must be 
of concern, associated linearized problems have been 
studied extensively. 4.s The rationale is that some of the 
integral properties, such as limiting infiltration rate at 
small times, are transferable to nonlinear systems and 
also that the same principles apply. 
$=D[i$cr$) +$I 
subject to 
$(r, z, 0) = 0, r,z>O (2) 
4(r, 0, d = h, O<r<rO, t>O (3) 
a+ - 0 az- ’ t-z=- r0, 2 = 0, t>O 
where D is the diffusion coefficient (m2/sec). The po- 
tential 6 will be taken as the “matric flux potential” 
given by 
The boundary value problem considered is 
4 = (K.44 exp (ah), h<O (5) 
with K,, and LY constants and h the pressure head. Units 
of + will typically be m2/sec. Analogs of 4 include 
water content, temperature, and electrical potential. 
For steady-state conditions the solution to (l)-(4) 
is simply (Carslaw and Jaeger,2 p. 215) 
, wo-,I- 
o= 
7r 
2r0 sin ’ 
I [(r - ro)2 + z~]().~ + [(r + ro)2 + z2]o.s I 
(6) 
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The corresponding flow rate integrated over the circle 
0 < r < r. is QSS (expressed in m3/sec): 
Qss = %hro (7) 
The time-dependent case is much more difficult and 
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is apparently unsolved. A related solution is by Chu et 
aL6 for heat diffusion from a half plane (x < 0, z = 0) 
into a half space z > 0. Polar coordinates p and 8 are 
used with x = p cos 8 and z = p sin 8. The boundary 
conditions are equivalent to 4 = & for 8 = 0 and 
a$/M = 0 for 8 = rr with a constant initial condition 
of 4 = 0. The solution is 
1 
where 
and 
_ (-l)m2-mr ;+rFI 
F,(u) = 2-I-O.5yu” c ( > uZm 
m=O m!T(v+ m + 1) 
(10) 
Chu et a1.6 give other forms of F,(u), although (10) is 
convergent for all u > 0. 
The solution (8) is relevant to the disc problem for 
small values of r, i.e., when the effects of the disc edge 
are limited to short distances. For very small times, 
one-dimensional (1-D) effects prevail (Chu et al.,‘j 
equation (46)), and (8) implies that 
-I!!$ = 0 5st-0.5 
-p de o=o . 
(11) 
The “sorptivity” S is given by 
S = 2+o~~0.5T-0.5 
(12) 
as defined by Philip.4 As will be demonstrated, the 
analysis can be applied to the disc for times beyond 
the applicability of the one-dimensional case. How- 
ever, as t becomes larger, (8) is no longer applicable; 
in fact, it predicts that the flux approaches zero as t 
becomes large at all points on the surface away from 
the edge (p = 0, 0 = 0). 
Also of interest is the boundary element solution to 
(1) with an added convective term by Pullan.’ He ex- 
amined particularly the time for Q to approach steady 
state. This was discussed in terms of the characteristic 
times given by Philip4: 
t - r$D geom - 
4 
t = - grav 
?rD&? 
The fgeom is indicative of the time at which geometrical 
effects begin to dominate over capillarity. The fgrav is 
related to the time for which gravity effects become 
important due to a convective term; this will not be 
considered in our analysis. Pullan’s analysis was lim- 
ited to Dtlrf, > 0.2 due to numerical difficulties for 
smaller times. 
The objective of this paper is to develop approxi- 
mations for linear diffusion from a disc source main- 
tained at a constant potential. The analysis will be 
relevant for all analogous systems for which (l)-(4) 
apply, including soil water infiltration and heat con- 
duction. 
Theory 
The temperature A+ due to an instantaneous source 
of heat Q* introduced at (x’, y' , z’) in an infinite me- 
dium is by Carslaw and Jaeger* (equation (10.2.2)): 
A+= ‘* 
8C,(nDt)‘.S 
exp{-[(x - x’)~ 
+ (y - Y')' + k - ~')~1/4Dtl} (15) 
The C, is the volumetric specific heat. A continuous 
source is taken for t = 0 to I = dt’ over a ring of 
radius r and thickness dr’ such that Q* = 2rrr’ dr’(2q) 
dt’. Integration of Q* from r’ = 0 to r’ = r. and over 
a time interval from 0 to t gives the temperature due 
to a continuous source of strength 2q, where q is a 
function of r and t. The result is similar to equation (8) 
of p. 260 of Carslaw and Jaeger integrated over time 
and is 
(16) 
with IO a modified Bessel function of the first kind and 
order zero. 
We now introduce a dimensionless time Tand radius 
R defined by 
T = Dtlr$ (17) 
R = rIro (18) 
With z = 0, (16) becomes 
_=- f(R’, T’)g(R,R’, T - T’)dR’ 
(19) 
where 
f(R, T) = ‘;-$) (20) 
g(R, R’, T) = R'T- ‘.5 exp 
- R2 - (R’)2 I RR’ 
4T I( > O 2T 
(21) 
Appropriate units for q are m/set for soil-water infil- 
tration or W/m2 for heat transfer, which occur into the 
half space z > 0. (For heat conduction the analog to 
sorptivity is 2+oC,Do~5~-o~5.) 
The solution (16) satisfies (l), (2), and (4) for any 
function f. The strategy is to choose f(R, T) such that 
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As u becomes large, a limiting value is approached, 
which can be evaluated to give 
Q@) = 0.443SDO.’ (33) 
We multiply Qk by the length of the circumference 
27rro of the disc, which gives the excess flow due to 
the edge for small times: 
QE = 2.78SD”~5ro (34) 
The QE(units of m3/sec) is a constant and will remain 
valid until the local edge effect of the disc can no longer 
be approximated by the 2-D model. 
(3) will be satisfied in some approximate sense. We 
observe that f is known for T very small and very 
large: 
f(R, T) = T-o.5, T<< 1 (22) 
f(R, T)=+(l - R2)-o.5, T>> 1 (23) 
7r 
These follow from (6) and (11). 
Refinement for small times 
The Chu et aL6 solution is valid for small times and 
offers a refinement to (22). Differentiation of the right- 
hand side of (8) with respect to 8 and evaluation along 
8 = 0 results in a velocity that we denote by qr: 
(24) 
= (O.YwO~5) 2 
0 n- 
Near the edge (u = 0) the value of q is by (lo), 
approximately 
qc = CT~0.2Sp-0.5 
(25) 
with 
c = 2-2.5 r(0.25) SD”.5 
Xr(1.5) r8,’ (26) 
The steady-state value of the velocity based on (23) is 
SDO.5[1 _ RI-O.5 
4’ (2rr)“.5ro 
(27) 
The two estimates (25) and (27) become equal at a time 
TE given by 
T20.25 = 4m 
r(o.25) 
(28) 
or 
TE” 1.094 (29) 
For T < TE the Chu et a1.6 solution will give a larger 
flux density as the edge is approached; for T > TE the 
opposite is true. 
The “excess” flow rate (units of m2/sec) over one- 
clt;eyis+onal infiltration (for the two-dimensional (2-D) 
P 
QXp, t) = 
I 
tqc)e_o - 0.5St-0.51 dp (30) 
0 
This can be written as 
(31) 
0 
with 
(32) 
Refinement for large times 
For T large, f(R, T) will approach the value given 
by (23). If 4,, = 4/$. is a “unit” response to the steady- 
state velocity imposed at T = 0, then by (19), 
1 P 
1 
I 
R’ dR’ 
’ - hi = F o [l _ (R7210.5 T(T’)-*‘5 
I 
x exp[ -“l, R’2]10E) dT’ (35) 
For T large the integrand involving T’ is approximately 
(T’)-‘.5 and can be expanded and integrated with the 
result 
l- 4u = 
R’dR’ 
[l - (R’)2]o.5 
+ O(T- (36) 
where O(T-‘.5) indicates a remainder of the order of 
T- ‘.5. Since the integral on R’ is 1, we have 
2T-0.5 
l-C&-- 
+.5 (37) 
with an error of the order of T-‘.5. As T becomes large, 
the error becomes insignificant, and &, will become 
independent of R. 
For reasons soon to be obvious (cf. (22) and (23)), 
we also examine the response to an infiltration func- 
tion, 
f(R, T) = 
2T-0.5 
#.5(1 _ ~2)0.5 (38) 
Use of (19) and substitution of u = (T/T’) - 1 results 
in a 4/40 for R = 0 of 
x exp - (R’)*&+ 1) du (39J 1 
By equation (6.1.1) of Abramowitz and Stegun8 the 
last integral is simply 
(40) 
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which combines with the above to give 
J!! =- 
T-0.’ ' 
I 60 R=O ~ o 
x exp -: 
( > 4T 
u-O.5[1 - u]-O.5du (41) 
after substituting u for (R’)2. By equation (13.2.1) of 
Abramowitz and Stegun,* the above expression is 
& 
@O R=O 
= T-0.5M(0.5, 1,0.25T-‘) (42) 
where M is a Kummer function and may be written in 
an appropriate asymptotic series form as 
M(0.5, 1,0.25T-‘) = 1 + kT + 0(T-2) 
Thus the @40 is given by 
(43) 
zlRZo= T-0.5(1 +&) +O(T-2.5) (44) 
On the basis of (37) and (44) we propose that 
f(R,T) = (1 +z)f,,(R) (45) 
with 
2 
f,,(R) = $1 - R2)-o.s (46) 
This results in an approximation for @40 which will 
have an error only of the order of TP 1.5, at least for 
R = 0. For R # 0 we speculate that the results will 
still be of the same order of accuracy. This will be 
demonstrated numerically (in Table 2). 
Combination of results to use for all time 
We now match the results in the previous two sec- 
tions. The proposed combination is f*, given by 
f*(R, T) = fct,u(R, T) + F 
x [l - ew( - P~n)l.fssW O<T<T, (47) 
f*(R, T) = 1 + 2;;r5 -]l - exp (-P7Y f,,(R), 
I 
T> TE (48) 
where 
fad, T) = 3; (49) 
The values of /? and n are to be chosen. The above 
form reduces to the solution of Chu et a1.6 for T small 
and to the asymptotic form of (37) as T gets large. 
Additionally, it is a continuous function as fChu -L f,, 
at time T = 1.094. The values of p and n will be chosen 
to “best fit” 4/40 to 1, using f = f* in (19). Other 
choices of f* are possible. 
Numerical results 
First, results will be given based on the edge effects 
of Chu et a1.6 resulting in qc of (30). Then the response 
4/+. due to unit flux input distributed as by the steady- 
state solution (6) will be presented as a function of R 
and T, followed by the asymptotic form consistent with 
(37). Finally, the combined solution will be used, and 
the flux Q will be presented as a function of T. Most 
of the computations were performed on microcom- 
puters, but some of the more tedious calculations were 
on a VAX-8700. Several subroutines of Press et a1.9 
were used, particularly BESSIO, QSIMP, MIDPNT, 
SPLINE, and SPLINT. 
Example 1: Edge effects based on Chu et a1.6 
Values for q,l(0.5St-0.s) are tabulated as a function 
of u = p(2Dt)Po.5 and presented in Table 1. These are 
based on (10) and (24). The infiltration rate is obtained 
by multiplying the values by the 1-D solution, which 
would be simply 0.5St-“.5. Large values of u corre- 
spond to distances far from the edge for finite times 
or small times for moderate distances, both of which 
approach the 1-D infiltration rate and thus have a tab- 
ulated value of qJ(0.5St-0.5) = 1. Small values of u 
correspond to higher values of q,l(0.5St-0.5) and rep- 
resent points near the edge for finite times as given by 
(9). 
Table 1. Corresponding values of u and ratio of velocity qE 
due to the edge and one-dimensional velocity for small times 
u q,l(0.5St-0.5) 
0.0010 21.7 
0.0015 17.7 
0.0025 13.7 
0.0040 10.9 
0.0060 8.88 
0.010 6.90 
0.015 5.64 
0.025 4.39 
0.040 3.50 
0.060 2.88 
0.100 2.28 
0.150 1.90 
0.250 1.54 
0.400 1.31 
0.600 1.16 
1.000 1.05 
1.500 1.01 
2.500 1.00 
4.000 1.00 
6.000 1 .oo 
For smaller values of u, (25) can be used. 
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Table 2. Computed values of 4” and & corresponding to the 
continuous steady-state flux as in (41) and the potential 
combining Chu et al. (1975) and the steady flux 
T R 4” 67 6 
0.01 0.0 0.072 0.995 
0.5 0.084 0.996 
0.9 0.169 0.987 
0.05 0.0 0.167 0.998 
0.5 0.200 0.993 
0.9 0.304 0.966 
0.1 0.0 0.248 0.993 
0.5 0.288 0.982 
0.9 0.377 0.947 
0.5 0.0 0.542 0.887 
0.5 0.556 0.881 
0.9 0.584 0.861 
1.0 0.0 0.659 0.641 0.800 
0.5 0.665 0.801 
0.9 0.677 0.794 
5.0 0.0 0.840 0.839 
0.5 0.841 
0.9 0.842 
10.0 0.0 0.887 0.886 
0.5 0.887 
0.9 0.887 
Profiles of the dimensionless Darcian flux f&R, 
T) = 2r0qCl(SDo~‘) are presented in Figure 1. At a given 
location (R), f decreases with time. The value of f is 
undefined near the edge and then flattens out away 
from the edge until it approaches the 1-D equivalent 
of T-o.5 = 10. As T becomes larger, the curves fall 
below the one for the steady-state disc of (41). Re- 
markably, the shapes are very similar. The curve for 
T = 1 (not shown) is very close to the steady-state 
curve and for practical purposes overlies the results 
for T = 1.094. 
Example 2: Large time solutions 
We denote by +,, the #I/&, response due to the steady- 
state flux density distribution (27). The response in- 
creases monotonically from &, = 0 at T = 0 to &, = 
1 as T approaches a. By (19) and (23), &, is 
Both the inner and the outer integrals of (50) were 
evaluated by Simpson algorithms QSIMP and MIDPNT 
of Press et a1.9 The inner integral was modified to ac- 
count for the singularity at R’ = 1 (Press et a1.9, es- 
pecially, (4.4.6), p. 119). The outer integral was eval- 
uated from 0 to T1, T, to T,, etc., to T/2 and then with 
g(R, R’, T - T’) from 0 to T,, T, to T,, etc., to T/2 
again. Typically, T,, T2 . . . were taken as a progression 
0.005, 0.01, 0.05, . . . , 1, 5, . . . . 
The results are shown in Table 2. The values of & 
increase monotonically from 0 to 1 with increasing T 
and for each of the three R values used. Although for 
the smaller T (such as 0. l), larger R values correspond 
to larger $, the differences are small after about T = 
1. Also shown in Table 2 are & based on the approx- 
0:lllll,1ll,1lll1lll11111111111111)11111,,~,,,,,,,~, 
0.0 0.1 0.2 0.4 0.5 
1 - 
0k3 
Figure 1. Plot of dimensionless flux density f(R,Z) as a function 
of distance from edge 1 - R 
* Here r#~ = 1 - 2T-0.5/d.5. I u 
imation (37). These results compare favorably at T = 
5 and T = 10. In fact, the approximation is probably 
more accurate than the numerical integration at T = 
10. 
Values for large T were compared to the boundary 
integral results of Pullan’ (especially Figure 1). His 
results are for a convective term in (l), but his smallest 
value of 0.5aro = 0.001 (he calls this s) is approxi- 
mately the same as for pure diffusion. He plots a di- 
mensionless flux F - F,, which in our notation cor- 
responds to 8~~ ‘.5T-o.5. His results for T = 1, 10, 100, 
and 1000 are approximately F - F, = 1.44,0.45,0.15, 
and 0.05. The values for 8~~‘.5T-o.5 are 1.44, 0.45, 
0.14, and 0.05. Thus we conclude that the asymptotic 
form agrees with his numerical results. 
Example 3: Results for the combined solution f * 
The combined solution f* was also evaluated. For 
T < 1, f, was found from the values in Table I using 
a cubic spline (Press et a1.,9 especially p. 86). The first 
derivative YPl for the smallest z = Zmin was based on 
the first term of the series in (24): 
YPI = - 0.5(0.686).&& (51) 
The derivative at the maximum z was set to zero in 
view of the latter values of Table 2. The integrals were 
evaluated as in the previous example. 
A root mean square error (RMSE) was used as a 
titting criterion where 
.,E+(l -$‘]‘.’ (52) 
andi = 1,2, . . . . N corresponds to N points for 
comparison. 
Choices of position and times for calculating 4i will 
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Table 3. Values of $/& at R = 0.9 for given values of T 
T 
n P RMSE 0.01 0.05 0.1 0.5 1.0 5.0 10.0 
0.5 0.85 0.015 1.02 1.05 1.06 1.02 0.94 0.97 0.99 
1.0 1.65 0.0030 1 .oo 1 .oo 1.00 1 .Ol 0.99 1.00 1 .oo 
2.45 0.0057 0.99 0.98 0.97 1.01 1 .oo 1 .oo 1.00 
3.60 0.0080 0.99 0.97 0.96 1 .oo 1 .Ol 1 .oo 1 .oo 
have some influence on the RMSE. Because a dispro- 
portionately large amount of flow occurs toward the 
edge, a value R = 0.9 was chosen and T as 0.01, 0.05, 
5.0. Results are summarized in Table 3, showing 
both’RMSE values and resulting +I&, at R = 0.9 for 
n = 0.5, 1, 1.5, and 2. Clearly, of the four choices of 
IZ the smallest RMSE is for n = 1. The resulting +/& 
at R = 0.9 are all within 0.01 of the “correct” value 
of 1. 
The value of the total flow rate from the disc is 
Q = 2&& (53) 
expressed as a ratio to the steady-state flux Qss. This 
is equivalent to 
Q(T) ’ 
- = 
/ Qss o 
Rf *(RI T) dR (54) 
The value of Q(T)/Q,, is plotted as a function of log 
(T) = log (Dtlr$) in Figure 2. In f*, IZ is 2, and p = 
1.65. Also plotted are the one-dimensional model TPo.5 
for small T and the asymptotic expression (45) for large 
T. The values decrease monotonically from the small- 
est to large T and merge smoothly at either end with 
one of the other two curves. 
Example 4: Comparison to disc permeameter results 
Hussen’O measured infiltration rates from a disc in- 
filtrometer for which the water at the source was main- 
tained at atmospheric pressure. The soil was a Casa 
Grande (fine-loamy, mixed, hyperthermic Natric Na- 
trargids) with a sandy loam surface horizon. A disc of 
radius r. = 0.12 m was used. Results for flow rate Q 
as a function of time are plotted as Figure 3. Also 
plotted is a curve based on (54) and using D = (4)(10)V6 
m*/sec. The Qss from (7) is equivalent to 
Qss = 4W&,, - &Jr, (55) 
where &,, = 0.324 and t& = 0.021 are water contents 
(m3/m3) recorded near the water source and for initial 
conditions, respectively. Sources of error include the 
effects of gravity and the fact that D is typically non- 
linear for soil systems. 
Discussion and conclusions 
An approximation has been presented for diffusion from 
a disc source. Although the steady-state solution is well 
known,r** no exact solution exists for the time-depen- 
15 
1 
I\ 
-I l “- 
0/ l * 
I I I 1 
-3 -1 1 3 5 
I og( T) 
Figure 2. Plot of the flux ratio Q(T)/& 
OE+BE 
0 I’og( t) ?sl 3 
Figure 3. Experimental values for 0 versus t. Solid line is from 
(54) 
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dent case. The strategy is to approximate a constant 
potential over the disc source area by integrating al- 
ternative flux densities, using an appropriate convo- 
lution integral. The integral used is developed by Car- 
slaw and Jaeger2 (especially p. 260). 
For small times the solution of Chu et al.6 for dif- 
fusion from a half plane is used as a refinement to the 
one-dimensional flux density. For very small t the flux 
density approaches 0.5St-0.s, the one-dimensional so- 
lution. Remarkably, as I approaches the characteristic 
time of #D, the Chu et al. flux density distribution is, 
for practical purposes, the same as for diffusion from 
a circle equal to that for steady state, as evidenced by 
Figure 1. The total flux from the disc for small times 
is obtained by adding the constant QE from (34) to the 
one-dimensional solution. Interestingly, QE I- 
2.78SD”.5ro can be compared to the steady-state so- 
lution, which from (7) and (12) is QSS = 27r”~sSDo~5ro 
= 3..54SD”.‘ro. An even more interesting fact that we 
have not previously noted is that for infiltration from 
a circular pond the excess flow over gravity’1,‘2 leads 
to the same QSS factor as above. 
A refinement for large times is offered by adding 
27~ ‘.5(Dtlr$)-0.5 to the steady-state flux density. With 
an error of the order of I ‘.5, the results match the 
boundary element solution of Pullan’ when his calcu- 
lations are extrapolated to pure diffusion. The task of 
joining the small and large time solution is accom- 
plished by adding a term 
FIl - ew(-P~“)IfS,W), T = Dtlr; (56) 
to the flux density of Chu et al.” for T < 1.094 and to 
the steady-state flux density for T > 1.094. The em- 
pirical factors /3 and n are chosen to best fit (bl$o = 1 
over the disc source itself. For small t the Chu et al.h 
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solution is preserved, and for large T the correct 
asymptotic form is attained. 
The solution is applicable to several analogous sys- 
tems. For the disc permeameter the solution offers an 
approximation for small t, even for the nonlinear anal- 
ogy. Nonlinear effects that may be incorporated in the 
parameters and variables of the linear model include 
sorptivity, sorptive length, and matric flux potential. 
Also, it suggests an approach for future work where 
convection is present, which would be a step closer to 
including a gravitational term for a disc permeameter. 
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